
 ApplicationsofITCSIt
We can use the fact that IT S R to prove several

interesting results all sort of advanced versions of the
Intermediatevalue theorem

Fixedpointsandretractions
let B denote the closed ball of radius 1 in IR with boundary the

unit sphere S

Recall that if A EX a retraction r X A is a continuous map
g t r a a t a cA

B S

B

PI Suppose r B s is a retraction f
Recall from last week that this implies

r IT B IT si is a surjection

But B is convex so IT BZ is trivial so it can't surjectonto

IT S ER D

Bouwerfixedpointem tf f i132 B is continuous thereis some

point x cBZ s t f x x

PfS k Suppose there is a map f B B s t f x x tf

x c B



We want to define a map h B S that takes p to the

point on the boundary S that is hit by the ray from f p

to P
Q h Q

Such a mapping would be a retraction
f Q

p

since it would be the identity on S

We just need to show h is continuous

by finding an explicit formula
we know h P P t P f P where t is the positive

number s.tl h P f I We can thendo a tedious calculation to

find t and show his continuousD

We can give a much slickerproof by using the following lemma

lemme let h S X be continuous Thenthe following are

equivalent

1 his hulhomotopic

2 h extends to a continuous mapK B X i e Mapes h

3 h is the trivial homomorphism

PI 2 let It S XI X

be a homotopy between h and a constant map



Define a map IT S x I 132 by Tfx t l t x

i E

IT is a quotient map check that is a homeomorphismawayfrom
Sx B and collapses Sx 13 to a point

Since Hls.gg is constant there is a continuousmap k B X
sit H hot So k S H S 03 h s so K

is an extension of h

2 31 Suppose h extends to k B X

Then if j S B is the inclusion map h Koj Thus

hit k oj But IT BZ is trivial so j is trivial Thus h is

trivial

3 Assume h IT S b IT X xo is trivial

Let f I S be the path f x cos 21Tx Sin 251
Note that this is also a quotient map

ISet g hot so Is s

th
x



Then G is trivial so there is some pathhomotopy
G Ix I X from g to the constant path at Xo

F Ix I s XI defined f s t Hs t is a quotientmap
and G o t G l t Xo so there is a continuousmap

H S XI X s't Hof G
So H is a homotopy between h and the constant map D

I I
F it six I

g J H

Cori The inclusion j S R'l 10,0 is not null homotopic

PI r 03 S defined 4 7 41111 is a retraction
Thus j is injective so it's nontrivial D

CoriThe identity i S S is notnulhomotopic

Pfi i Z Td is the identity and thus nontrivial D

Now we can give a nicer proof of the Brouwerfixed pointthin



Pwof2of_BFPT Suppose f B BZ has no fixed point
Then we can define g B 1122110 by g p P f P

For Pe S g P lies

ianwaundampe region
his g

Thus we can use the straight line homotopy

H S XI R'l o defined H P t l t P tty P

Note l t Pttg P P TP tp tfCp p tf p 1 0

H is a homotopy from gls to the inclusion Thus gls is not
hulhomotopic which is a contradiction D


